PH.D. QUALIFYING EXAM: REAL ANALYSIS

Fall 2024
Solve six of the eight problems. Show all steps and formulate theorems cited.

1. Suppose that f,g € L*(X), where X is a probability space. Suppose also that
|f(z)g(z)| > ¢ >0 for all z € X. Show that

(AVOQAMOZQ

2. Let (X,B,u) be a measure space and suppose that f is real valued and u-
integrable on X. Show that {z € X : f(z) # 0} is p o-finite, i.e. a countable union
of finite p-measure sets.

3. Let (X, B, i) be a measure space.

(a) Prove the continuity from below property. Namely, if (£,) is a sequence of
measurable sets with Ey C Ey C E3 C -+ then (U7 En) = lim,, pu(E,).

(b) Prove the continuity from above property. Namely, if (F,) is a sequence of
measurable sets with Ey D Ey D Es D -+ and p(E;) < oo then u(N° E,) =
lim,, u(E,).
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4. Let (X, B, ) be a measure space and suppose that (A,)
measurable subsets of X. Define

liminfA, ={z e X:|{keN:x ¢ A;}| < oo}

(a) Prove that liminf, A, € B. (b) Prove that if Ay D A2 D A3 D --- and
oo > lim u(A,)=c>0
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then p(liminf, A,) = c.

5. Let X = [1,00). Define two Borel measures on X by, for E C X Borel
measurable and m = Lebesgue measure,
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(a) Prove that L?*(v) C L'(v). (b) Give an example of some f(z) € L?(u) \ L*(u).

6. (a) Formulate the Dominated Convergence Theorem. (b) Show that the function
G(y) = / 27 %gin(yx) dm(z), y€R
0

is continuous, where m is Lebesgue measure.
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7. Construct a first category (i.e. meager, a countable union of nowhere dense
sets) subset of R whose complement has Lebesgue measure zero.

8. (a) Formulate some version of the Hahn-Banach theorem for real normed vector
spaces. (b) Use it to prove that if X is a real normed vector space then the bounded
linear functionals on X" separate points. (That is, show that if z,y € X with = # y
then there exists some A € X* with A(z) # A(y).)



