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Problem 1:
Denote the Lebesgue measure on R by m.

(a) State the Monotone Convergence Theorem and the Dominated Convergence Theorem of Lebesgue
Integration.

(b) Let f be a measurable function on [0, 1]. Prove that the limit lim
n

∫
[0,1]

| f |n dm either equals ∞ or

m
({

x ∈ [0, 1]
∣∣∣ | f (x)| = 1

})
.
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Problem 2:
Denote the Lebesgue measure on R by m.

(a) Suppose E ⊂ R is measurable such that m(E) < ∞. Prove that for a.e. x ∈ R,

lim
h→0
h>0

m
(
E ∩ [x, x + h)

)
h

= χE(x).

Note: χE denotes the characteristic function (or indicator function) of the set E.

(b) Suppose g ∈ Lp(R) for some 1 ≤ p < ∞. Prove that lim
n

∫
[n,n+1]

g dm = 0.

Is the result also true for p = ∞?
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Problem 3:
Suppose ( fn) is a Cauchy sequence in Lp(R) for some 1 ≤ p < ∞.

(a) Give an example which shows that the sequence ( fn) may not converge pointwise a.e.

(b) Prove: There exists a subsequence
(
fnk

)
which converges pointwise a.e.
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Problem 4:
Denote the Lebesgue measure on R by m.

(a) State and prove Jensen’s Inequality for integrable functions on [0, 1].

(b) Let f be an integrable function on [0, 1] such that 1 + f > 0 a.e. and
∫
[0,1]

f dm = 1. Prove:

∫
[0,1]

f ln (1 + f ) dm ≥ ln 2.
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Problem 5:

(a) LetH be a Hilbert space. Show that every nonempty, closed, convex set C ⊂ H contains a unique
element of smallest norm.

(b) Give an example which shows that the conclusion of part (a) fails if the set C is not convex.

(c) Give an example which shows that the conclusion of part (a) fails if the set C is not closed.
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Problem 6:
Let X be a Banach space.

(a) Suppose ϕ is a bounded linear functional on X such that ϕ , 0. Show that the kernel of ϕ, ker ϕ, is
a proper, closed subspace of X. Conclude that ker ϕ is nowhere dense.

(b) Let (ϕn) be a sequence of bounded linear functionals on X such that ϕn , 0 for all n ∈ N. Prove:
There exists x ∈ X such that ϕn(x) , 0 for all n ∈ N.
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Problem 7:

Let T : l2 → l2 be the bounded linear operator, given by T
(

(xn)
)
=

(
1
n

xn

)
for (xn) ∈ l2.

(a) Prove: T maps the closed unit ball in l2 into a compact subset of l2.

(b) Prove or disprove: T is open.
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Problem 8:

(a) State the Radon-Nikodym Theorem.

(b) Let (X,A) be a measurable space with σ-finite measures λ and µ. Suppose that λ ≪ µ and µ ≪ λ.
Prove: There exists a nonnegative, measurable function h on X such that

• λ(A) =
∫
A

h dµ for all A ∈ A,

• h > 0 µ-a.e. and λ-a.e.,

• µ(A) =
∫
A

h−1 dλ for all A ∈ A.
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