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The independence density

Give a graph or hypergraph H, a set | C V/(H) is independent if it
contains no edge.
EcH = EZI
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The independence density

Give a graph or hypergraph H, a set | C V/(H) is independent if it
contains no edge.
EcH = EZI

The independence density of a finite hypergraph H is the proportion of
subsets of V/(#) that are independent.

id(H) = ﬁ#{l C V(H) : I is independent in H}.

The independence density of a countably infinite hypergraph H is the limit
of independence densities of a chain of finite induced subhypergraphs

id(H) = lim id(H,),

n—oo

where H1 CH, CH3C ..., Ho=H[Va], H=UHn.
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The independence density

The independence density has been studied by Bonato, Brown, Kemkes,
and Pratat, who, in particular, noted that the above limit for countably
infinite graphs exists and is independent of the choice of chain {#,},.
Indeed, it is an easy consequence of the following.

Observation

If H is an induced subhypergraph of H' then id(H) > id(H').
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The independence density

The independence density has been studied by Bonato, Brown, Kemkes,
and Pratat, who, in particular, noted that the above limit for countably
infinite graphs exists and is independent of the choice of chain {#,},.
Indeed, it is an easy consequence of the following.

Observation

If H is an induced subhypergraph of H' then id(H) > id(H').

Taking a subset S of V(#'), the condition that S is independent in H' is
stronger than the condition that SN V() is independent in . O
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Probabilistic Interpretation

id(H) is the probability that a random subset of V/(#) is an independent
set, where each element is chosen independently with probability %
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Probabilistic Interpretation

id(H) is the probability that a random subset of V/(#) is an independent

set, where each element is chosen independently with probability % (Both
in the finite and infinite case.)
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Probabilistic Interpretation

id(H) is the probability that a random subset of V/(#) is an independent
set, where each element is chosen independently with probability % (Both
in the finite and infinite case.)

This suggests the following generalization
idp(#) = P(S is independent in #),

where each element of V(#) is included in S independently with
probability p € (0, 1).
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Probabilistic Interpretation

id(H) is the probability that a random subset of V/(#) is an independent
set, where each element is chosen independently with probability % (Both
in the finite and infinite case.)

This suggests the following generalization
idp(#) = P(S is independent in #),

where each element of V(#) is included in S independently with
probability p € (0, 1).

Indeed, id,(H) is also known as the hard core partition function of H.
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Probabilistic Interpretation

id(H) is the probability that a random subset of V/(#) is an independent
set, where each element is chosen independently with probability % (Both
in the finite and infinite case.)

This suggests the following generalization
idp(#) = P(S is independent in #),

where each element of V(#) is included in S independently with
probability p € (0, 1).

Indeed, id,(H) is also known as the hard core partition function of H.

All our results on id generalize to idp.
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Possible independence densities

For graphs:

Conjecture (Bonato, Brown, Kemkes, Pratat 2011)
{id(G) : G countable} = {0} U {id(G) : G finite}
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Possible independence densities

For graphs:

Conjecture (Bonato, Brown, Kemkes, Pratat 2011)

{id(G) : G countable} = {0} U {id(G) : G finite}

For graphs and hypergraphs:

Theorem (Bonato, Brown, Mitsche, Pratat 2014)

If the edges of H are of bounded size then id(H) is rational. If the edges
of H are of unbounded size then id(H) can be any value in [0, 1].
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Possible independence densities

Let the rank of a hypergraph r(H) = maxgcy |E| be the size of the largest
edge.
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Possible independence densities

Let the rank of a hypergraph r(H) = maxgcy |E| be the size of the largest
edge.

We strengthen the above hypergraph result to

Theorem (B, Bollobds, Gunderson)
{id(H) : H countable, r(H) < k} = {0} U {id(H) : H finite, r(H) < k}
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Possible independence densities

Let the rank of a hypergraph r(H) = maxgcy |E| be the size of the largest
edge.

We strengthen the above hypergraph result to

Theorem (B, Bollobds, Gunderson)
{id(H) : H countable, r(H) < k} = {0} U {id(H) : H finite, r(H) < k}

Theorem (B, Bollobds, Gunderson)

{id(#) : H countable, r(H) < k} is a closed subset of [0, 1] and has no
infinite increasing sequence (i.e., it is ‘reverse’ well-ordered).

Moreover, both results also hold for id,(H).
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A counterexample to a stronger claim

It would be nice to replace “r(#H) < k" with “k-uniform”, i.e., require all
edges to be of size exactly k. Unfortunately this does not hold for id,(#)
even when k = 2.
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A counterexample to a stronger claim

It would be nice to replace “r(#H) < k" with “k-uniform”, i.e., require all
edges to be of size exactly k. Unfortunately this does not hold for id,(#)

even when k = 2.
Example: let Ki o be the “infinite star”.
idp(Ki,00) = lim_idp(K1,n) (I-=p+pl=p))=1-p.

= lim
n—oo

idp(Kin) = (1=p)  +p(l—p)

November 13, 2016 7/15
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A counterexample to a stronger claim

However,
o idp(Kin)=1—p+p(l—p)">1—pforall pe(0,1),
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A counterexample to a stronger claim

However,
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o idy(K3) = (1—p)®+3p(1—p)2#1—pfor p#0,3,1,
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A counterexample to a stronger claim

However,
o idp(Kin)=1—p+p(l—p)">1—pforall pe(0,1),
o idp(K3) = (1—p)*+3p(1—p)*#1—pfor p#0,3,1,
@ for any graph G containing two independent edges,
idp(G) <idp(KoUKa) = (1 —p?)?> <1—pfor0< p<0.618.
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A counterexample to a stronger claim

However,
o idp(Kin)=1—p+p(l—p)">1—pforall pe(0,1),
o idy(K3) = (1—p)*+3p(1—p)® #1—pfor p#0,3,1,
@ for any graph G containing two independent edges,
idp(G) <idp(KoUKa) = (1 —p?)?> <1—pfor0< p<0.618.
Hence id,(K1,00) # idp(G) for 0 < p < 0.618, p # 3.
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@ for any graph G containing two independent edges,
idp(G) <idp(KoUKa) = (1 —p?)?> <1—pfor0< p<0.618.
Hence id,(K1,00) # idp(G) for 0 < p < 0.618, p # 3.

Of course, idp(K1,00) = idp(H) where H has a single vertex x and a single
edge {x}.

Paul Balister (University of Memphis)  Independence Densities of Graphs and Hyperg November 13, 2016 8/15



A counterexample to a stronger claim

However,
o idp(Kin)=1—p+p(l—p)">1—pforall pe(0,1),
o idy(K3) = (1—p)*+3p(1—p)® #1—pfor p#0,3,1,
@ for any graph G containing two independent edges,
idp(G) <idp(KoUKa) = (1 —p?)?> <1—pfor0< p<0.618.
Hence id,(K1,00) # idp(G) for 0 < p < 0.618, p # 3.

Of course, idp(K1,00) = idp(H) where H has a single vertex x and a single
edge {x}.

For p = 1/2 we do not need edges of size 1 in the graph case as edges of
size 1 can be replaced by K3 components.
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A counterexample to a stronger claim

However,
o idp(Kin)=1—p+p(l—p)">1—pforall pe(0,1),
o idy(K3) = (1—p)*+3p(1—p)® #1—pfor p#0,3,1,
@ for any graph G containing two independent edges,
idp(G) <idp(KoUKa) = (1 —p?)?> <1—pfor0< p<0.618.
Hence id,(K1,00) # idp(G) for 0 < p < 0.618, p # 3.

Of course, idp(K1,00) = idp(H) where H has a single vertex x and a single
edge {x}.

For p = 1/2 we do not need edges of size 1 in the graph case as edges of
size 1 can be replaced by K3 components.

It remains open whether or not we need edges of size < k for p =1/2 in
the hypergraph case for k > 2.
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Shrinking edges

Clearly if E,E’ € H and E C E’, then id(#) = id(H \ {E’}). So we may
assume H is an antichain.
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Shrinking edges

Clearly if E,E’ € H and E C E’, then id(#) = id(H \ {E’}). So we may
assume H is an antichain.

Suppose X is a set of vertices and X U Y; € H for i =1,..., m, with
X, Y1,..., Ym pairwise disjoint, then

id(H U {X}) <id(H) <id(H U {X})+ 27 Xl(@1 - 2XI=k)m,
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Shrinking edges

Clearly if E,E’ € H and E C E’, then id(#) = id(H \ {E’}). So we may
assume H is an antichain.

Suppose X is a set of vertices and X U Y; € H for i =1,..., m, with
X, Y1,..., Ym pairwise disjoint, then

id(H U {X}) <id(H) <id(H U {X})+ 27 Xl(@1 - 2XI=k)m,

In particular, if X can be extended to edges of H in infinitely many disjoint
ways, then

id(H U {X}) = id(H\ {E : E > X}U{X}) = id(H).
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Main Lemma

Define the matching number p(H) as the maximum number of pairwise
disjoint edges of H.
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Main Lemma

Define the matching number p(H) as the maximum number of pairwise
disjoint edges of H.

Lemma

Let x, be independence densities of countable hypergraphs with rank at
most k, and x, — x > 0. Then there exists a finite hypergraph H on a
vertex set V/, an increasing sequence n; and countable hypergraphs H,;
such that

o id(Hi) = xn;,

o Hi[V]=H,

o if E € H; with E LV, then there exists AC ENV with

w(FCVE:FUA€EH;) >
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Main Lemma

o id(H;) = xn;,

e Hi[V]="H,

o if E € H; with E Z V, then there exists A C E N V with
w(FCVEFUAEH) >

(__DOMany disjoint extensions
/> of Ato edges of H,;
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Proof of main lemma

Idea is to inductively construct for each j =1,...,k an H, V, sequence
n;, and countable #;, such that

e id(Hi) = Xn;;
o Hi[V]="H,
o if E€ H;with EZ V and |EN V| < j then there exists AC ENV
with u(F C V. FUAEH;) > i,
Result then follows from the j = k case when r(#) < k.
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Proof of main lemma

Idea is to inductively construct for each j =1,...,k an H, V, sequence
n;, and countable #;, such that

e id(Hi) = Xn;;

o Hi[V]="H,

o if E€ H;with EZ V and |EN V| < j then there exists AC ENV
with u(F C V. FUAEH;) > i,

Result then follows from the j = k case when r(#) < k.
Basic idea is if this fails, go to a subsequence where the p(...)’s achieve

their limsup, then to a subsequence where these max matchings + V
induces a fixed hypergraph H'. This is our new .
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Proof of main results

We aim to show that if  is countable then either id(#) = 0 or
id(H) = id(Ho) for some finite Ho and furthermore the set of all possible
independence densities is closed and has no infinite increasing sequence.
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Proof of main results

We aim to show that if  is countable then either id(#) = 0 or
id(H) = id(Ho) for some finite Ho and furthermore the set of all possible
independence densities is closed and has no infinite increasing sequence.

It is enough to show that if x, = id(H,) and x, — x > 0 then x is an
independence density of a finite hypergraph and the sequence x, cannot
be strictly increasing.
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Proof of main results

Using Lemma we may assume there is a finite 7 on vertex set V and
countable H; with

o id(H;) = xn,

o H,[V] - H,

o if E € H; with E Z V, then there exists A C EN V with
w(FCVEFUAEH) >

We can refine the sequence and assume wlog that the set A of A’s that
occur is the same for all /.
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Proof of main results

Using Lemma we may assume there is a finite 7 on vertex set V and
countable H; with

o id(H;) = xn,

o H,[V] - H,

o if E € H; with E Z V, then there exists A C EN V with

w(FCVEFUAEH) >

We can refine the sequence and assume wlog that the set A of A’s that
occur is the same for all i.
Set H = HUA.
It can be checked that id(H') = x < xp,, proving both results.
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Open Questions

e For p=1/2 can we replace r(H) < k with k-uniform?
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Open Questions

e For p=1/2 can we replace r(H) < k with k-uniform?
e What is the order type of {id(H) : r(H) < k}?

o Give a complete description of {id(#) : r(#) < k} even in the graph
case.
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Open Questions

e For p=1/2 can we replace r(H) < k with k-uniform?
e What is the order type of {id(H) : r(H) < k}?

o Give a complete description of {id(#) : r(#) < k} even in the graph
case.

Thank you!
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